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In this paper it is shown how to obtain the simplest equations for the Mukhanov-Sasaki variables
describing quantum linear scalar perturbations in the case of scalar fields without potential term.
This was done through the implementation of canonical transformations at the classical level,
and unitary transformations at the quantum level, without ever using any classical background
equation, and it completes the simplification initiated in investigations by Langlois [2], and Pinho
and Pinto-Neto [4] for this case. These equations were then used to calculate the spectrum index
ns of quantum scalar perturbations of a non-singular inflationary quantum background model,
which starts at infinity past from flat space-time with Planckian size spacelike hypersurfaces, and
inflates due to a quantum cosmological effect, until it makes an analytical graceful exit from this
inflationary epoch to a decelerated classical stiff matter expansion phase. The result is ns = 3,
incompatible with observations.
PACS numbers: 98.80.Qc, 04.60.m, 04.60.Kz
I. INTRODUCTION
The usual theory of cosmological perturbations, with
their simple equations Ref. [1], relies essentially on the as-
sumptions that the background is described by pure clas-
sical General Relativity (GR), while the perturbations
thereof stem from quantum fluctuations. It is a semi-
classical approach, where the background is classical and
the perturbations are quantized, and the fact that the
background satisfies Einstein’s equations is heavily used
in the simplification of the equations. In Refs. [3, 4, 5],
which assume the validity of the Einstein-Hilbert action,
it was shown that such simple equations for quantum lin-
ear cosmological perturbations can also be obtained with-
out ever using any equations for the background. This
can be accomplished through a series of canonical trans-
formations and redefinitions of the lapse function. These
results open the way to also quantise the background,
and use these simple equations to evaluate the evolution
of the quantum linear perturbations on it. Indeed, such
results were applied to quantum bouncing backgrounds,
and spectral indices for tensor and scalar perturbations
were calculated in Refs. [6, 7].
The matter content used in these papers were assumed
to be either a single perfect fluid or a single scalar field.
In the case of perfect fluids, the equations were simplified
up to their simplest possible form, both for tensor and
scalar perturbations. For the case of scalar fields, this
simplest form was achieved for tensor perturbations but
not for scalar perturbations. One ended in a intermediate
stage that needed further simplifications in order to be
applied to quantum backgrounds Refs. [2, 4].
Meanwhile, a non-singular inflationary model was
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found Ref. [9] containing a single scalar field without
potential term, which starts at infinity past from flat
space-time with Planckian size spacelike hypersurfaces,
and inflates, due to a quantum cosmological effect, until
it makes an analytical graceful exit from this inflation-
ary epoch to a decelerated classical stiff matter expan-
sion phase. It should be interesting to investigate if this
model could generate an almost scale invariant spectrum
of scalar perturbations, as observed Ref. [8]. However,
without simple equations governing the evolution of the
perturbations, the investigation becomes rather cumber-
some.
The aim of this paper is twofold: complete the simpli-
fication initiated in Refs. [2, 4], and apply it to the back-
ground described in Ref. [9]. In fact, after performing
some canonical transformations at the classical level, and
unitary transformations at the quantum level, we were
able to obtain the simple equations for linear scalar per-
turbations of Ref. [1] for the case of scalar fields without
potential, without ever using any classical background
equation. These perturbation equations were then used
to calculate the spectrum index ns of the background
model of Ref. [9] yielding ns = 3, incompatible with ob-
servations [8] (ns ≈ 1). Hence, even though the quan-
tum background model has some attractive features, the
model should be discarded.
The paper is organized as follows: in the next section,
we briefly summarize the results of Ref. [9]. In section III,
the simplification of the second order hamiltonian for the
scalar perturbations is implemented, and the full quan-
tization of the system, background and perturbations,
is performed. The quantum background trajectories are
then used to induce a time evolution for the Heisenberg
operators describing the perturbations, yielding simple
dynamical equations for the quantum perturbations. In
Section IV, we calculate the spectral index of scalar per-
turbations in the background presented in Section II,
using the equations obtained in Section III. Section V
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2presents our conclusions.
II. BOHM-DE BROGLIE INTERPRETATION
OF A QUANTUM NON-SINGULAR
INFLATIONARY BACKGROUND MODEL
In this section, we first briefly highlight the main char-
acteristics of the Bohm-de Broglie quantisation scheme,
restricting our discussion to the homogeneous minisuper-
space models which have a finite number of degrees of
freedom. We then apply it to the quantisation of the
background geometry with a massless scalar field with-
out potential term.
The Wheeler-DeWitt equation of a minisuperspace
model is obtained through the Dirac quantization pro-
cedure, where the wave function must be annihilated by
the operator version of the Hamiltonian constraint
H(pˆµ, qˆµ)Ψ(q) = 0 . (1)
The quantities pˆµ, qˆµ are the phase space operators re-
lated to the homogeneous degrees of freedom of the
model. Usually this equation can be written as
− 1
2
fρσ(qµ)
∂Ψ(q)
∂qρ∂qσ
+ U(qµ)Ψ(q) = 0 , (2)
where fρσ(qµ) is the minisuperspace DeWitt metric of
the model, whose inverse is denoted by fρσ(qµ).
Writing Ψ in polar form, Ψ = R exp(iS), and substi-
tuting it into (2), we obtain the following equations:
1
2
fρσ(qµ)
∂S
∂qρ
∂S
∂qσ
+ U(qµ) +Q(qµ) = 0 , (3)
fρσ(qµ)
∂
∂qρ
(
R2
∂S
∂qσ
)
= 0 , (4)
where
Q(qµ) ≡ − 12Rfρσ
∂2R
∂qρ∂qσ
(5)
is called the quantum potential.
The Bohm -de Broglie interpretation applied to quan-
tum cosmology states that the trajectories qµ(t) are real,
independently of any observations. Equation (3) repre-
sents their Hamilton-Jacobi equation, which is the clas-
sical one added with a quantum potential term Eq. (5)
responsible for the quantum effects. This suggests to de-
fine
pρ =
∂S
∂qρ
, (6)
where the momenta are related to the velocities in the
usual way:
pρ = fρσ
1
N
∂qσ
∂t
. (7)
To obtain the quantum trajectories we have to solve
the following system of first order differential equations,
called the guidance relations:
∂S(qρ)
∂qρ
= fρσ
1
N
q˙σ . (8)
Eqs. (8) are invariant under time reparametrization.
Hence, even at the quantum level, different choices of
N(t) yield the same space-time geometry for a given
non-classical solution qα(t). There is no problem of time
in the Bohm-de Broglie interpretation of minisuperspace
quantum cosmology Ref. [10]. We will return to this
point in the next section.
We now apply this interpretation to the situation
where H in Eq. (1) is given by
H
(0)
0 =
√
2V
2`Ple3α
(−P 2α + P 2ϕ) , (9)
which was worked out in Ref. [9]. The variables are
dimensionless with ϕ describing the scalar field degree
of freedom and α associated to the scale factor through
α ≡ log(a). The main feature of this model is the possi-
bility to obtain a non-singular inflationary model similar
to the pre-big bang model Refs. [21]-[24], with a mini-
mum volume spatial section in the infinity past, or the
emergent model Ref. [25] for flat spatial sections, without
any graceful exit problem.
We take as solution of the background Wheeler-DeWitt
equation, Hˆ(0)0 Ψ(a, ϕ) = 0, a gaussian superposition of
WKB solutions. The resulting wave function is (see
Ref. [9] for details)
Ψ(α,ϕ) = 2
√
pi|h|
[
exp i
(
−h
2
(α+ ϕ)2 + d (α+ ϕ) +
pi
4
)
+ exp i
(
−h
2
(α− ϕ)2 + d (α− ϕ) + pi
4
)]
, (10)
where h and d are two positive free parameters associated
to the variance and the displacement of the gaussian su-
perposition, respectively.
The norm of the wave-function is given by R =
4
√
pi|h| cos[ϕ(hα − d)], yielding the quantum potential,
Eq. (5),
Q = (hα− d)2 − h2ϕ2 . (11)
The guidance relations, given by Eq. (8) with the
choice N = `Pl√
2V
e3α, reduce to
α˙ = −∂S
∂α
,
ϕ˙ =
∂S
∂ϕ
, (12)
3yielding
α˙ = hα− d ,
ϕ˙ = −hϕ , (13)
which can be directly integrated to give
a = eα = ed/h exp(α0eht) and ϕ = α0e−ht , (14)
where α0 is an integration constant. Recall that the time
parameter t is related to cosmic time τ through τ =
∫
dte3α(t) ⇒ τ − τ0 = Ei(3α0eht)/h, where Ei(x) is the
exponential-integral function.
These solutions represent ever expanding non-singular
models (see Figure 1). For t << 0 the Universe ex-
pands accelerately from its minimum size a0 = ed/h
(remember that for the physical scale factor one has
aphys0 =
`Pl√
2V
ed/h), which occurs in the infinity past
t → −∞. The scalar field is very large in that phase.
If |ht| ≤ α0 is not very large, one has
a ≈ eα0+d/h[1 + α0ht+ (1 + 1/α0)(α0ht)2/2! + (1 + 3/α0 + 1/α20)(α0ht)3/3!...]. (15)
Taking α0 >> 1, one can write a ≈ eα0+d/h exp(α0ht). In that case, from τ =
∫
dta3(t), one obtains that a ∝ (τ−τ0)1/3
and ϕ ∝ ln (τ − τ0), as in the classical regime. Figure 1 exhibits the bohmian trajectories and quantum potential for
the parameters h = 3/5, d = 2, and α0 = 2.
FIG. 1: Time evolution of the background variables. The
solid line describe the accelerated expansion of the scale factor
from a finite minimum size a0 = e
d/h. The long-dashed line
pictures the exponential decrease of the scalar field and the
short-dashed line gives the decrease of the quantum potential
until arriving in the classical region. The parameters were
chosen to be h = 3/5, d = 2, and α0 = 2.
III. SIMPLIFICATION OF THE SECOND
ORDER HAMILTONIAN AND CANONICAL
QUANTISATION
The conventional approach to deal with quantum cos-
mological perturbations is to consider a semi-classical
treatment that quantise only the first order perturbations
while the background is treated classically. Once the
background dynamics has a classical evolution, one can
use these equations to significantly simplify the second
order lagrangian before quantising the system Ref. [1]. In
this case, the background evolution induces a potential
term that modifies the quantum dynamics of the pertur-
bations.
One step further is to consider quantum corrections
to the background evolution itself, as in minisuperspace
models, Ref. [11]-[14]. In this case, the simplifications
in the equations for the linear perturbations using the
classical background cannot be implemented. It is worth
to remind that the original lagrangian is quite involved,
and the use of the background equation is a key step to
rewrite the system in a treatable form.
Recent works using technics for hamiltonian’s systems
Refs. [3, 4, 5] showed that it is also possible to simplify
the full hamiltonian system by a series of canonical trans-
formations. Their main results focus in the scalar and
tensor perturbations considering the matter content of
the Universe described by a perfect fluid. Even though
in Ref. [2] and in the Appendix A of Ref. [4] it is shown a
long development that significantly simplifies the hamil-
tonian for a scalar field with a generic potential U(ϕ),
there were still some delicate issues to be addressed to
consistently quantise the scalar field case.
We will not reproduce the development made in these
references but we will continue the development of the
above mentioned Appendix. The main point to acquaint
from this reference is that their simplification proce-
dure use only canonical transformations, that guarantees
the equivalence between the original and the simplified
hamiltonians, independently of the background equations
of motion.
In the present work we will focus in the case of a van-
ishing potential U(ϕ) and show how it is possible to con-
sistently quantise simultaneously both the background
and the perturbations. The background system is com-
posed of a free massless scalar field in a spatially flat
Friedmann-Lemaˆıtre-Robertson-Walker metric (FLRW).
Since we are only interested in scalar perturbations, the
4perturbed metric can be written as
ds2 = N2(1 + 2φ)dt2 −NaB|idtdxi +
−a2 [(1 + 2ψ)δij − 2E|i|j]dxidxj . (16)
The matter content is defined by a free massless scalar
field ϕ (t, x) = ϕ0 (t) + δϕ (t, x), where ϕ0 is the back-
ground homogeneous scalar field. Using these definitions
in the lagrangian density for the scalar field, namely
Lm = 12ϕ;µϕ;µ, we find
Lm = (1− 2φ)
N2
(
ϕ˙20
2
+ ϕ˙δϕ˙
)
+
ϕ˙20
N2
(
2φ2 − B
|iB|i
2
)
+
− ϕ˙0
Na
B|iδϕ|i +
δϕ˙2
2N2
− 1
2a2
δϕ|iδϕ|i . (17)
As our starting point, let us consider the hamiltonian
(A39) of Ref. [4] with the scalar field potential U(ϕ) taken
to be null,
H = NH0 +
∫
d3x
(
−`
2
PlP
2
a
2a2V
φ+
3P 2ϕ
a4PaV
ψ+
+
3`2PlPϕ
2a4V
v
)
φ˜6 + ΛNPN +
∫
d3xΛφpiφ ,(18)
where φ˜6 = piψ, PN e piφ are first class constrains, and
v is the Mukhanov-Sasaki variable. The quantity H0 is
defined as
H0 = −`
2
PlP
2
a
4aV
+
P 2ϕ
2a3V
+
1
2a
∫
d3x
(
pi2√
γ
+
√
γv,iv,i
)
+
+
[
15`2PlP
2
ϕ
4a5V 2
− `
4
PlP
2
a
16a3V 2
− 27P
4
ϕ
4a7V 2P 2a
]∫
d3x
√
γv2 , (19)
where Pa, Pϕ and pi are the momenta canonically conju-
gate to a, ϕ0 and v, respectively, `2Pl =
8piG
3 , and V is
the comoving volume of the compact spatial sections, i.e.
V <∞. The zero order hamiltonian,
H
(0)
0 ≡ −
`2PlP
2
a
4aV
+
P 2ϕ
2a3V
, (20)
can be used to simplify further the mass-like term for the
perturbations, i.e. the function inside brackets multiply-
ing the v2 term. To do so, we rewrite Pϕ as
P 2ϕ = 2a
3V
(
H
(0)
0 +
`2PlP
2
a
4aV
)
.
Redefining the lapse function as
N˜ = N
{
1 +
[
15`2Pl
2a2V
− 27
aP 2a
(
H
(0)
0 +
`2PlP
2
a
2aV
)]∫
d3x
√
γv2
}
,
and keeping only second order terms in NH0, we can
rewrite it as
NH0 = N˜
[
H
(0)
0 +
1
2a
∫
d3x
(
pi2√
γ
+
√
γv,iv,i
)
+
`4PlP
2
a
8a3V 2
∫
d3x
√
γv2
]
+O(v4, v2pi2) . (21)
Thus, by a simple redefinition of the lapse function,
the mass-like term simplifies significantly. Nonetheless,
it is still tricky to quantise this term due to the mo-
mentum Pa. Furthermore, the scale factor is defined on
the half-line which requires additional care in specify-
ing the Hilbert space. To deal with these two points,
it is convenient to define dimensionless variables α ≡
log (
√
2V `−1Pl a) and ϕ→ `Pl√2ϕ which give us the following
relations:
Pα = − `Pl√
2V
e3α
N
α˙ ,
`2Pl
4V
P 2a
a
=
√
2V
`Pl
P 2α
2e3α
,
P 2ϕ
2a3V
→
√
2V
`Pl
P 2ϕ
2e3α
, H
(0)
0 =
√
2V
2`Ple3α
(−P 2α + P 2ϕ) .
With these new variables we find,
H0 = H
(0)
0 +
N
√
2V
2`Pleα
∫
d3x
√
γ
(
pi2
γ
+ v,iv,i +
P 2α
e4α
v2
)
.
To eliminate the momentum in the mass-like term we
perform a canonical transformation generated by
F = I + Pα
2
∫
d3x
√
γ v˜2 + eα˜
∫
d3xpiv˜ , (22)
which implies
α = α˜+
1
2
∫
d3x
√
γ v˜2 , v = eα˜v˜ ,
P˜α = Pα + eα˜
∫
d3xpiv˜ , p˜i =
√
γP˜αv˜ + eα˜pi ,
e3α = e3α˜
(
1 +
3
2
∫
d3x
√
γ v˜2
)
+O (v˜3) .
Once more, redefining the lapse function as
N˜ = N
[
1− 3
2
∫
d3x
√
γv˜2
]
,
and omitting the tilde in the new variables, the hamilto-
nian transforms into
H = H0 +
∫
d3x
(
−2V
`2Pl
P 2α
e4α
φ+
3
√
2V
`Pl
P 2ϕ
e3αPα
ψ+
+
3
√
2V
`Pl
√
V Pϕ
e4α
v
)
piψ + ΛNPN +
∫
d3xΛφpiφ (23)
with,
H0 =
√
2V
2`Ple3α
[
−P 2α + P 2ϕ +
∫
d3x
(
pi2√
γ
+
√
γe4αv,iv,i
)]
.
(24)
The system described by this hamiltonian can be im-
mediately quantised. The Dirac’s quantisation procedure
for constrained hamiltonian systems requires that the
5first class constraints must annihilate the wave-function
∂
∂N
Ψ (α,ϕ, v,N, φ, ψ) = 0 ,
δ
δψ
Ψ (α,ϕ, v,N, φ, ψ) = 0 ,
δ
δφ
Ψ (α,ϕ, v,N, φ, ψ) = 0 .
Thus, the wave-function must be independent of N, φ
and ψ, i.e. Ψ = Ψ (α,ϕ, v) where v encode the perturbed
degrees of freedom. Note that, due to the transformation
(22), v is now the Mukhanov-Sasaki variable divided by
a. The remaining equation is
Hˆ0Ψ (α,ϕ, v) = 0 , (25)
which has only quadratic terms in the momenta.
A well known feature of the quantization of time
reparametrization invariant theories is that the state is
not explicitly time dependent, hence one should find
among intrinsic degrees of freedom a variable that can
play the role of time. In the perfect fluid case, the
Wheeler- DeWitt’s equation assumes a Schro¨dinger-like
form, due to a linear term in the momenta connected
with the fluid degree of freedom. However, the hamil-
tonian (24) does not possess such linear term, render-
ing ambiguous the choice of an intrinsic time variable.
Notwithstanding, we still can define an evolutionary time
for the perturbations if we use the Bohm-de Broglie in-
terpretation. The procedure is similar to what is done
in a semiclassical approach, where a time evolution for
the quantum perturbations is induced from the classical
background trajectory (see, e.g., Ref. [16] for details).
Let us summarize it in the following paragraphs.
First of all, take the hamiltonian NH0, with H0 given
in Eq. (24) satisfying the hamiltonian constraint H0 ≈ 0,
and let us solve it classically using the Hamilton-Jacobi
theory. The respective Hamilton-Jacobi equation reads
−1
2
(
∂ST
∂α
)2
+
1
2
(
∂ST
∂ϕ
)2
+
1
2
∫
d3x
[
1√
γ
(
δST
δv
)2
+
√
γe4αv,iv,i
]
, (26)
where the classical trajectories can be obtained from a
solution ST of Eq. (26) through
α˙ = −Pα = −∂ST
∂α
,
ϕ˙ = Pϕ =
∂ST
∂ϕ
,
v˙ =
1√
γ
pi =
1√
γ
δST
δv
, (27)
where we have chosen N = lPle3α/
√
2V , and hence a
time parameter t (a dot means derivative with respect
to this parameter), related to conformal time through
dt ∝ a2dη.
We will now use the fact that the v variable is a small
perturbation over the background variables α and ϕ, and
that its back-reaction in the dynamics of the background
is negligible. In this case, one can write ST (α,ϕ, v) as
ST (α,ϕ, v) = S0(α,ϕ) + S2(α,ϕ, v), (28)
where it is assumed that S2(α,ϕ, v) cannot be splitted
again into a sum involving a function of the background
variables alone (which would just impose a redefinition
of S0). Noting that, in order to be a solution of the
Hamilton-Jacobi equation (26), S2 must be at least a sec-
ond order functional of v (see Ref. [27]), then S2 << S0
as well as their partial derivatives with respect to the
background variables. Hence one obtains for the back-
ground that
α˙ ≈ −∂S0
∂α
,
ϕ˙ ≈ ∂S0
∂ϕ
. (29)
Inserting the splitting given in equation (28) into equa-
tion (26), one obtains, order by order:
− 1
2
(
∂S0
∂α
)2
+
1
2
(
∂S0
∂ϕ
)2
= 0, (30)
−
(
∂S0
∂α
)(
∂S2
∂α
)
+
(
∂S0
∂ϕ
)(
∂S2
∂ϕ
)
+
1
2
∫
d3x
[
1√
γ
(
δS2
δv
)2
+
√
γe4αv,iv,i
]
= 0, (31)
− 1
2
(
∂S2
∂α
)2
+
1
2
(
∂S2
∂ϕ
)2
+O(4) = 0. (32)
6In Eq. (32), the symbol O(4) represents terms coming
from high order corrections to the hamiltonian (24). As
we are interested only on linear perturbations, this equa-
tion will not be relevant. The first equation (30) is the
Hamilton-Jacobi equation of the background which so-
lution yields, together with Eqs. (29), the background
classical trajectories. Once one obtains the classical tra-
jectories α(t), ϕ(t), the functional S2(α,ϕ, v) becomes
a functional of v and a function of t, S2(α,ϕ, v) →
S2(α(t), ϕ(t), v) = S¯2(t, v). Hence equation (31), using
Eqs. (29), can be written as
∂S2
∂t
+
1
2
∫
d3x
(
1√
γ
(
δS2
δv
)2
+
√
γe4α(t)v,iv,i
)
= 0.
(33)
Equation (33) can now be understood as the Hamilton-
Jacobi equation coming from the hamiltonian
H2 =
1
2
∫
d3x
(
pi2√
γ
+
√
γe4α(t)v,iv,i
)
, (34)
which is the generator of time t translations (and not
anymore constrained to be null).
If one wants to quantize the perturbations, the corre-
spoding Schro¨dinger equation should be
i
∂χ
∂t
= Hˆ2χ , (35)
where χ is a wave functional depending on v and t, and
the dependences of Hˆ2 on the background variables are
understood as a dependence on t.
Let us now go one step further and quantize both the
background and perturbations. When the background is
also quantised, this procedure can also be implemented
in the framework of the Bohm-de Broglie interpretation
of quantum theory, where there is a definite notion of
trajectories as well, the bohmian trajectories. In order
to do that, we first note that Eqs. (25) and (24) imply
that
(Hˆ(0)0 + Hˆ2)Ψ = 0, (36)
where
Hˆ
(0)
0 = −
Pˆ 2α
2
+
Pˆ 2ϕ
2
, (37)
Hˆ2 =
1
2
∫
d3x
(
pˆi2√
γ
+
√
γe4αˆvˆ,ivˆ,i
)
. (38)
We write the wave functional Ψ as Ψ = exp(AT +
iST ) ≡ RT exp(iST ), where both AT and ST are real
functionals. Inserting it in the Wheeler-DeWitt equation
(36), the two real equations we obtain are
− ∂
∂α
(
R2T
∂ST
∂α
)
+
∂
∂ϕ
(
R2T
∂ST
∂ϕ
)
+
∫
d3x√
γ
δ
δv
(
R2T
δST
δv
)
= 0 , (39)
−1
2
(
∂ST
∂α
)2
+
1
2
(
∂ST
∂ϕ
)2
+
1
2
∫
d3x
(
1√
γ
(
δST
δv
)2
+
√
γe4αv,iv,i
)
+
1
2RT
(
∂2RT
∂α2
− ∂
2RT
∂ϕ2
)
−1
2
∫
d3x√
γ
1
RT
δ2RT
δv2
= 0 .
(40)
These two equations correspond to equations (4) and (5),
respectively.
The bohmian guidance relations are the same as in the
classical case,
α˙ = −Pα = −∂ST
∂α
,
ϕ˙ = Pϕ =
∂ST
∂ϕ
,
v˙ =
1√
γ
pi =
1√
γ
δST
δv
, (41)
with the difference that the new ST satisfies a Hamilton-
Jacobi equation different from the classical one due to
the presence of the quantum potential terms (the two
last terms in Eq. (40)), which are responsible for the
quantum effects.
We have again made the choice N ∝ e3α. Whether this
procedure is unambiguously independent on the choice of
the lapse function is a delicate point. Indeed, in a general
framework (the full superspace), the bohmian evolution
of three-geometries may not even form a four-geometry (a
spacetime) in the sense described in Refs. [17, 18, 19, 20],
although the theory remains consistent (Refs. [18, 19]),
and its geometrical properties depends on the choice of
the lapse function. However, in the case of homogeneous
spacelike hypersurfaces, a preferred foliation of spacetime
is selected, the one where the time direction is perpendic-
ular to the Killing vectors of these hypersurfaces. In this
case, once one has chosen this preferred foliation, one can
prove that the residual ambiguity in the lapse function
7(which is now independent of space coordinates) is ge-
ometrically irrelevant for the Bohmian trajectories (see
Ref. [10]). This is also true when linear perturbations
are present, where the hamiltonian constraints reduce to
a single one, and the super-momentum constraint can be
solved, as it was shown in Ref. [7]. Again, the lapse func-
tion is just a time function. In this case, the bohmian
quantum background trajectories can be obtained with-
out geometrical ambiguities [10], and they can be used to
induce a time dependence on the perturbation quantum
state, as we will see.
Let us assume, as in the classical case, that we can
split AT (α,ϕ, v) = A0(α,ϕ) + A2(α,ϕ, v) implying that
RT (α,ϕ, v) = R0(α,ϕ)R2(α,ϕ, v), and ST (α,ϕ, v) =
S0(α,ϕ) + S2(α,ϕ, v), and that A2 << A0, S2 << S0,
together with their derivatives with respect to the back-
ground variables. The approximate guidance relations
are
α˙ ≈ −∂S0
∂α
,
ϕ˙ ≈ ∂S0
∂ϕ
, (42)
and the zeroth order terms of Eqs. (39) and (40) read
− ∂
∂α
(
R20
∂S0
∂α
)
+
∂
∂ϕ
(
R20
∂S0
∂ϕ
)
≈ 0 , (43)
−1
2
(
∂S0
∂α
)2
+
1
2
(
∂S0
∂ϕ
)2
+
1
2R0
(
∂2R0
∂α2
− ∂
2R0
∂ϕ2
)
≈ 0 .
(44)
which, again, correspond to Eqs. (4) and (5) for the
background, respectively.
A solution (S0, R0) of Eqs. (43) and (44) yield a
bohmian quantum trajectory for the background through
Eq. (42). If S0 and R0 are obtained from Eq. (10), then
the bohmian trajectories will be given by Eq. (14).
As in the classical case, once one obtains the
bohmian quantum trajectories α(t), ϕ(t), the function-
als S2(α,ϕ, v), A2(α,ϕ, v) become functionals of v and
functions of t, S2(α,ϕ, v) → S2(α(t), ϕ(t), v) = S¯2(t, v),
A2(α,ϕ, v)→ A2(α(t), ϕ(t), v) = A¯2(t, v).
Defining χ(α,ϕ, v) ≡ R2(α,ϕ, v) exp(iS2(α,ϕ, v)),
writing it as
χ(α,ϕ, v) =
∫
dλG(λ, v)F (λ, α, φ) , (45)
where F satifies
1
2
(
∂2F
∂α2
− ∂
2F
∂ϕ2
)
+
1
R0
(
∂R0
∂α
∂F
∂α
− ∂R0
∂ϕ
∂F
∂ϕ
)
= 0 ,
(46)
and G is an arbitrary functional of v, which also depends
on an integration constant λ, then the next-to-leading-
order terms of Eqs. (39) and (40) read
∂R¯22
∂t
+
∫
d3x√
γ
δ
δv
(
R¯22
δS¯2
δv
d3x
)
= 0 , (47)
∂S¯2
∂t
+
1
2
∫
d3x
(
1√
γ
(
δS¯2
δv
)2
+
√
γe4α(t)v,iv,i
)
− 1
2
∫
d3x
R¯2
√
γ
δ2R¯2
δv2
= 0 , (48)
where R¯2(t, v) ≡ exp(A¯2(t, v)).
In order to obtain these equations we used that
−
(
∂S0
∂α
)(
∂S2
∂α
)
+
(
∂S0
∂ϕ
)(
∂S2
∂ϕ
)
=
∂S¯2
∂t
, (49)
and the same for R2 and R¯2.
These two equations can be grouped into a single
Schro¨dinger equation
i
∂χ¯
∂t
= Hˆ2χ¯ , (50)
where χ¯(t, v) = χ(α(t), ϕ(t), v) is a wave functional de-
pending on v and t, and, as before, the dependences of
Hˆ2 on the background variables are understood as a de-
pendence on t.
For the specific example of section II, Eq. (10), one
possible solution of Eq.(46) yields for χ through Eq.(45)
χ(α,ϕ, v) =
1
R(α,ϕ)
∫
dλG(λ, v) exp
{
(α+ ϕ− d/h)2
2λ
+
λh2(α− ϕ− d/h)2
8
}
. (51)
8From solution (51), we can construct χ¯(t, v) ≡
χ(α(t), ϕ(t), v) solution of Eq. (50). Note that, as G
is an arbitrary functional of v and the real parame-
ter λ, the functional χ¯(t, v) constructed from (51) via
χ¯(t, v) ≡ χ(α(t), ϕ(t), v) is also an arbitrary functional
of t and v (even though χ(α,ϕ, v) in (51) is not arbitrary
in α and ϕ).
During our procedure, we have supposed that the evo-
lution of the background is independent of the pertur-
bations. This no back-reaction assumption is based on
the fact that terms induced by the linear perturbations in
the zeroth order hamiltonian are negligible, which should
be the case when one assumes that quantum perturba-
tions are initially in a vacuum quantum state, as it is
argued in Ref. [15]. We will come back to this point in
the conclusion.
Once one obtains the quantum trajectories for the
background variables, they can be used to define a time
dependent unitary transformation for the perturbative
sector. This unitary transformation takes the vector |χ〉
into |ξ〉 = U |χ〉, i.e. |χ〉 = U−1|ξ〉. With respect to this
transformation the hamiltonian is taken into Hˆ2 −→ Hˆ2U
with
i
d
dt
|ξ〉 = Hˆ2U |ξ〉 =
(
UHˆ2U
−1 − iU d
dt
U−1
)
|ξ〉 . (52)
Let us define this unitary transformation by
U = eiAe−iB (53)
with,
A =
1
2
∫
d3x
√
γ
a˙
a3
vˆ2 , (54)
B =
1
2
∫
d3x (pˆivˆ + vˆpˆi) log(a) . (55)
Remember that the time derivative, a˙ = dadt , is taken
with respect to the parametric time t related to the
cosmic time τ by dτ = Ndt ∝ a3dt. In these expres-
sions, the scale factor a = a(t) should be understood
as a function of time, instead of an operator, since we
suppose that the background quantum equations have
already been solved. Thus, a = a(t) should be taken
as the bohmian trajectory associated with equations
Hˆ
(0)
0 |φ〉 = 0.
Naturally, the pˆi e vˆ operators do not commute with
the unitary transformation. Using the following relations
eiA vˆ e−iA = vˆ , eiA pˆi e−iA = pˆi − a˙
a3
√
γ vˆ
e−iB vˆ eiB = a−1 vˆ , e−iB pˆi eiB = apˆi .
we can calculate the transformed hamiltonian as
Hˆ2U =
a2
2
∫
d3x
[
pˆi2√
γ
+
√
γ vˆ,ivˆ,i −
(
a¨
a5
− 2 a˙
2
a6
)√
γ vˆ2
]
(56)
Note that the unitary transformation U takes us back
to the Mukhanov-Sasaki variable.
Recalling that dt = a−2dη, where η is the conformal
time, we have a˙ = a2a′ and a¨ = a4a′′ + 2a3a′2, and the
hamiltonian can be recast as
Hˆ2U =
a2
2
∫
d3x
[
pˆi2√
γ
+
√
γ vˆ,ivˆ,i − a
′′
a
√
γ vˆ2
]
. (57)
So far our analysis has been made in the Schro¨dinger
picture but now it is convenient to describe the dynamics
using the Heisenberg representation. The equations of
motion for the Heisenberg operators are written as
˙ˆv = −i
[
vˆ, Hˆ2U
]
= a2
pˆi√
γ
,
˙ˆpi = −i
[
pˆi, Hˆ2U
]
= a2
√
γ
(
vˆ,i,i +
a′′
a
vˆ
)
.
Combining these two equations and changing to con-
formal time, we find the following equations for the op-
erator modes of wave number k, vk:
v′′k +
(
k2 − a
′′
a
)
vk = 0 . (58)
This is the same equation of motion for the perturba-
tions known in the literature in the absence of a scalar
field potential Ref. [1]. The crucial point is that we have
not used the background equations of motion. Thus we
have shown that Eq. (58) is well defined, independently
of the background dynamics, and it is correct even if we
consider quantum background trajectories.
Note, however, that this result was obtained using a
specific subclass of wave functionals which satisfies the
extra condition Eq. (46). What are the physical as-
sumptions behind this choice?
When one approaches the classical limit, where R0 is a
slowly varying function of α and ϕ, condition (46) reduces
to
∂2F
∂α2
− ∂
2F
∂ϕ2
≈ 0 . (59)
If Eq. (59) were not satisfied, one would not obtain any-
more the usual Schro¨dinger equation for quantum per-
turbations in a classical background (which arises when
R0 is a slowly varying function of α and ϕ), due to extra
terms in Eqs. (47) and (48): there would be corrections
originated from some quantum entanglement between the
background and the perturbations, even when the back-
ground is already classical, which would spoil the usual
semiclassical approximation. This could be a viable pos-
sibility driven by a different type of wave functional than
the one considered here, but it seems that our Universe
is not so complicated. In fact, the observation that the
simple semiclassical model without this sort of entagle-
ment works well in the real Universe indicates something
9about the wave functional of the Universe[28]1. In other
words, the validity of the usual semiclassical approxima-
tion imposes Eq. (59).
When R0 is not slowly varying and quantum effects on
the background become important causing the bounce,
the two last terms of condition (46) cannot be neglected.
They would also induce extra terms in Eqs. (47) and
(48), again originated from some quantum entanglement
between the background and the perturbations, but now
in the background quantum domain, and the final quan-
tum equation (58) for the perturbations we obtained
would not be valid around the bounce. In this case, there
is no observation indicating which class of wave function-
als one should take and our choice in this no man’s land
resides only on assumptions of simplicity: there is no
quantum entaglement between the background and the
perturbations in the entire history of the Universe. This
is the physical hypothesis behind the choice of the specific
class os wave functionals satisfying condition (46).
In the next section we will apply the above formalism
implying Eq. (58) to the specific example described in
section II.
IV. APPLICATION OF THE FORMALISM
We will now use Eq. (58) to evaluate the spectral in-
dex of scalar perturbations in the quantum background
described by Eq. (14). The potential V ≡ a′′/a reads
V ≡ a
′′
a
=
1
a4
[
a¨
a
−
(
a˙
a
)2]
=
α0h
2 exp(ht)[1− α0 exp(ht)]
a4
. (60)
Defining uk ≡ vk/a, Eq. (58) in terms of the t variable
can be written as (from now on we will omit the index
k),
u¨+ k2a4u = 0 . (61)
When ht << 0, we can approximate a ≈ exp(d/h)[1 +
α0 exp(ht)], and the general solution reads
u = A+(k)Jν(z)−A−(k)J−ν(z) , (62)
where J is the Bessel function of the first type, ν =
i2k exp(2d/h)/h and z = 4α1/20 k exp(2d/h+ ht/2)/h. At
t → −∞, when the scale factor becomes constant and
1 In these references, it is pointed out how the features of our Uni-
verse we take for granted (classicality, separability) impose severe
restrictions on the initial wave function of the Universe. In fact,
our Universe could have been highly nonclassical, completely en-
tagled, even when it is large, depending on the features of this
initial wave solution.
spacetime is flat, one can impose vacuum initial condi-
tions
vini =
eikη√
k
, , (63)
which implies that A+(k) = 0, and A−(k) ∝
k−1/2 exp[i2k ln(k) exp(2d/h)/h]. Hence, v in this region
reads
vI = aA−(k)J−ν(z) . (64)
The solution can also be expanded in powers of k2
according to the formal solution (see Ref. [1])
v
a
' A1(k)
[
1− k2
∫ t dη¯
a2 (η¯)
∫ η¯
a2 (η¯) dη¯
]
+ A2(k)
[∫ η dη¯
a2
− k2
∫ η dη¯
a2
∫ η¯
a2dη¯
∫ η¯ d¯¯η
a2
]
+ ...,
(65)
When the mode is deep inside the potential, k2 << V ,
we can neglect the k2 terms yielding
vII ≈ a
[
A1(k)+A2(k)
∫ η dη¯
a2
]
= a
[
A1(k)+A2(k)t
]
.
(66)
We can now perform the matching of vI with vII in
order to calculate A1(k) and A2(k). As we are interested
on large scales, k << 1, this matching can still be made
when ht << 0. In this region one has V ≈ α0h2 exp(ht−
4d/h), yielding the matching time
htM = ln
(
k2 exp(4d/h)
α0h2
)
. (67)
Note that the potential crossing condition relating the
wave number k and the time tM of the crossing is log-
arithmic. In fact, since in this region the scale factor is
almost constant, the wave number is also logarithmically
related to the conformal time. This dependence is dras-
tically different from the slow roll scenario, where the
conformal time of potential crossing is inversely propor-
tional to the wave number, k ∝ 1/ηM .
Performing the matching at this time and taking the
leading order term in k, one obtains that
A1(k) = k−1A2(k) ∝ k−1/2 exp[i6k ln(k) exp(2d/h)/h].
(68)
Note that solution (65) is valid everywhere, hence we
can use it in the period when the scale factor evolution
becomes classical. During this period, unless for some
fine tuning, the mode is also deep inside the potential and
one can use Eq. (66) to calculate the Bardeen potential
Φ through the classical equation Ref. [1]
Φ = − (+ p)
1/2z
k2
(
v
z
)′
, (69)
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where z ≡ a2( + p)1/2/H. For the case of a scalar field
without potential (stiff matter), z ∝ a, yielding
Φ ∝ A1(k) + A2(k)
k2a4
, (70)
one constant and one decaying mode, as usual. The
transition to radiation dominated and matter dominated
phases may alter the amplitudes but not the spectrum.
The power spectrum
PΦ ≡ 2k
3
pi2
|Φ|2 ∝ knS−1, (71)
yields for the spectral index, from the value of A1(k) in
the constant mode given in Eq. (68), the value ns = 3,
contrary to observational results Ref. [8]. This power law
dependence was checked numerically as can be seen by
figure 2. Hence, the model cannot describe the primordial
era of our Universe.
FIG. 2: The power spectrum PΦ calculated numerically. The
numerical integration was carried out with h = d = 3 × 102
and α0 = 1. Since this is a log-log plot, one can immediately
check that PΦ ∝ k2 for small k.
V. CONCLUSION
In this paper we were able to obtain the simple equa-
tion for linear scalar perturbations of Ref. [1] for the case
of a scalar field without potential. The simplification pro-
cedure was carried out without ever using any classical
background equation. Instead, by a series of canonical
transformations and redefinitions of the lapse function
we are able to put the hamiltonian in a form susceptible
to quantization.
However, contrary to the perfect fluid case, the scalar
field minisuperspace model has no natural way to define
a time variable since its hamiltonian constraint does not
contain a linear term in the momenta. Nevertheless, if
one assumes there is no back-reaction, we have shown
how to bypass this problem using the quantum back-
ground bohmian trajectories. The quantum background
dynamics in the Bohm-de Broglie interpretation natu-
rally provides an evolutionary time to the perturbative
sector, similarly to what is done at the semiclassical level
through the classical background trajectories [16].
These perturbation equations were then used to calcu-
late the spectrum index ns of the background model of
Ref. [9] yielding ns = 3, incompatible with observations
Ref. [8] (ns ≈ 1). This result is intimately related to the
logarithmically dependence of the wave number to the
potential crossing time, see eq. (67). As a consequence,
the model should be discarded. This is an example of an
inflationary model without (almost) scale invariant scalar
perturbations.
The no back-reaction hypothesis we have used was jus-
tified through the assumption that the perturbations are
in a quantum vacuum state initially [15]. One could
verify the consistency of such hypothesis by checking
whether the perturbations calculated under this assump-
tion never departs the linear regime in the region where
the background is influenced by quantum effects. This
check was done in other frameworks (see Ref. [7]), where
self-consistency was verified. This self-consistency check,
however, was not implemented here because the model
studied in section IV does not present a scale invari-
ant spectrum for long-wavelength perturbations, and the
model should be discarded without the need of calculat-
ing the amplitude of perturbations.
We have also assumed that there is no quantum en-
tanglement in such a way that the background disturbs
the quantum evolution of the perturbations. This is a
restriction on the possible wave functionals of the Uni-
verse, which should then satisfy condition (46). It should
be interesting to investigate situations where entagle-
ment is allowed when the background is in the quantum
regime, which would imply modifications of Eq. (58) at
the bounce. In this case, condition (46) reduces to condi-
tion (59) (no entaglement when the background becomes
classical).
Some future investigations should be to apply the for-
malism to bouncing models obtained in the framework of
quantum cosmology with scalar fields without potential
described in Ref. [26] in order to evaluate their spectral
index. We will also study the possibility to generalize
the simplification of the perturbation equations obtained
here to the case of scalar fields with an arbitrary potential
term.
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